Exact algebraic solutions for the energy eigenvalues and eigenstates of the asymmetric rotor are found using an infinite-dimensional algebraic method. The theory exploits a mapping from the Jordan-Schwinger realization of the SO(3) -SU(2) algebra to a complementary SU(1, I) structure. The Bethe ansatz solutions that emerge are shown to display the intrinsic Vierergruppe (D2) symmetry of the rotor when the angular quantum number I is an integer, and the intrinsic quaternion group Q (i.e., the double group Df) symmetry when 1is a halfinteger.
INTRODUCTION
The asymmetric quantum rotor is useful for many applications, especially in the fields of molecular ( 1, 2] and nuclear (3, 4] physics. The problem was explored thoroughly by a number of investigators (5 -7] with an early review of the most general case given by Van Winter (8] . Recent studies in nuclear physics have shown that there is a connection between irreducible representations (irreps) of the SU (3) shell model and the principal moments of interia of the rotor Hamiltonian [9] . From this it follows that the dynamics of a quantum rotor can be realized in an SU (3) shell-model framework. By exploiting this connection, a two-rotor picture can be realized by coupling two SU (3) irreps [10] . This means that enhanced Ml transitions in heavy and well-deformed nuclei, predicted within the framework of the phenomenological Two Rotor Model (TRM) which considers the protons and neutrons as ellipsoidal distributions that perform rotational oscillations against one another, can be given a shell-model interpretation (11, 12] . Indeed, the scissors mode of the TRM, together with a novel twist mode that is realized when the parent proton and neutron distributions have triaxial shapes, has been given a microscopic interpretation within the framework of the pseudo SU(3) scheme [13, 14] . The corresponding half-integer angular momentum realization for odd-A nuclei was presented in [15] . In this case the total angular momentum and total spin of the system are both good quantum numbers. This coupling scenario is also ASYMMETRIC ROTOR ALGEBRAIC SOLUTIONS 225 discussed in [16] . In most applications that involve asymmetric rotor structures the eigenvalue spectrum is determined by numerically diagonalizing the energy matrices. Though not difficult, this approach does not lend itself to probing the analytical structure of the solutions, and especially how band-mixing and related phenomena are affected by rotor asymmetry. Also, applications like those that require the coupling of two or more rotors or rotor-like structures cannot be probed as effectively if numerical results are the only option. Examples include the coupled two-rotor model in nuclear physics mentioned above, XYZ Heisenberg spin chains, [17] spin-glass systems, [18, 19] etc.
Recently, a large class of many-body problems were shown to be analytically solvable by means of infinite-dimensional algebras. The method was demonstrated for nuclear pairing problems [20, 21] and the N-coupled symmetric rotor system [22] . If eigenstates of the asymmetric rotor can be expressed analytically as those for the symmetric rotor, one can use the infinite-dimensional algebraic method for the derivation of exact analytic solutions of coupled asymmetric rotor systems, which can then be used, as indicated above, in a variety of physical problems. In the following, it will be shown that this extension is possible.
A brief review of the asymmetric rotor problem is given in Section 2 and the corresponding Hamiltonian is expressed in terms of generators of a complementary SU(1, 1) algebra through a Jordan-Schwinger realization of the intrinsic SO(3) algebra. In Section 3 this Hamiltonian is shown to be diagonalizable by algebraic --means using the infinite-dimensional affine Lie algebra SU( 1, 1) and the corresponding Bethe ansatz. Some concluding remarks are given in Section 4.
VARIOUS REALIZATIONS FOR THE ASYMMETRIC ROTOR
The Hamiltonian of the asymmetric rotor assumes a very simple form when it is written in terms of projections of the angular momentum operator lonto the bodyfixed symmetry axes of the system,
In this expression, I(ex) is the projection of the total angular momentum on the exth intrinsic cartesian axes, and these operators, which generate the intrinsic SO (3) rotational group, satisfy (2.2) with A", the correpsonding inertia parameters. Introducing the spherical tensor operators with I the total angular momentum, K the projection of Ion the third component of the body-fixed (intrinsic) frame of reference, and M the projection of I on the third component of the space-fixed (laboratory) frame of reference. For triaxial cases, a =F 0, I and M remain good quantum numbers because the Hamiltonian is a rotational scalar, but K does not, and the spectrum and corresponding eigenstates must be determined for each value of the angular momentum I by diagonalizing an energy matrix. The solutions are M independent linear combinations of the {IIKM)} with I fixed and therefore the abbreviated notation 11K) == IIKM) will be used in the following.
The intrinsic SO(3) algebra can be realized by using the Jordan-Schwinger boson mapping [23 ] (2.6) where B; and B; (i = 1, 2) are two kinds of boson creation and annihilation operators. It is well known that in this case the irreducible basis vectors of SO(3) can be written as
where 10) is the boson vacuum state. Using (2.6), one can rewrite the asymmetric Hamiltonian (2.5) in an interacting boson form, where IV; =B; B; for i = 1, 2, and the Casimir operator of the SO( 3) is given by (2.9) It can be verified that whereas IV 1 and IV 2 separately are not conserved quantities, their sum, the total boson number operator, is an invariant. one can also write the Hamiltonian (2.8) in terms of these SU(1, 1) generators, (2)). As is well known, the boson realization of the SUI(1, 1) (i = 1, 2) algebra given in (2.10) is only related to the lower-bound discrete unitary irrep given by (3.2) . In this case, it can be proved that the quantum numbers "I and ill can be expressed explicitly as
where NI is the quantum number of NI, and for a given boson number NI, the quantum number VI can be taken as 0 when NI is even, or 1 when NI is odd. For a given angular momentum quantum number I, the total number of bosons N = Nt + N2 is an invariant, which is related to the quantum number I by 1=N12, while the possible values of Nt and N2 are determined by the boson realization for irreducible representations of SO(3) given by (2.7). Next, consider an infinite-dimensional algebra generated by (3.4 ) where Cl and C2 are real parameters to be chosen for the Hamiltonian of the asymmetric rotor given by (2.12), and n can be taken to be 0, ± 1, ± 2, .....It is easy to
show that these generators satisfy the commutation relations --Using the SU(1, 1) generators, one can rewrite the Hamiltonian of the asymmetric rotor (2.12) as 6) where the parameters C1, C2 should be chosen to reproduce (2.12). By comparing (2.12) with (3.6), it can be shown that there are two distinct cases that can be --realized in the S U( 1, 1) formalism.
realization (3.6) exists only for
If (3.7b) is satisfied, the asymmetric rotor Hamiltonian can be written as (3.6) with the upper sign. In this case, there are four sets of solutions for the parameters {Cl, C2} which give the same eigenvalues of the Hamiltonian. In a calculation, one can choose anyone of these. In the following, we use
the asymmetric rotor Hamiltonian is given by (3.6) with lower sign if 
-------------------------------------------
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In this case there are also four sets of solutions for the parameters {Cl, c2}. Similarly, we take
Because exact solutions of the symmetric case of (2.5) are well known, we only discuss the asymmetric cases, Le., (2.12) with parameter a # O. Furthermore, if the inertia parameters safisfy Al > A3 > A2 or A2 > A3 > Al, one can always interchange the body-fixed axes with 3~2 or 3~1 via a n/2 rotation about the first or second axis. Therefore, (3.7b) and (3.8b) describe all possible nontrivial cases of the asymmetric rotor.
To obtain eigenstates of (3.6), one can study the Fourier-Laurent expansion of --the eigenstates of (3.6) using the SU(l,I)) generators in terms of unknown c-number parameters Xi with i = 1, 2, ..., k, namely, (3.9) where' is an additional quantum number used to distinguish different solutions for a given k with the total angular momentum quantum number 1= k + i(Vl + V2), It can be verified that the lowest weight states IIw) are the following SUl (1, 1) x SU2( 1, 1) uncoupled basis vectors, (3.11 ) with Vl and V2 = 0 or 1. When I is an integer, the SUi(l, 1) quantum numbers can be taken as Vl = V2 = 0 or 1. When I is a half-integer, the quantum numbers Vi of.
SUi( 1, 1) can be taken as Vl = 1, V2 = 0, or Vl = 0, V2 = 1. One also has with S~IIw) =A~IIw) (3.12) (3.13 )
In this case (3.9) is used as the Bethe ansatz [24] wavefunction of (3.6). Because of the analytical behavior of the wavefunctions, it suffices to consider the Xi near zero. In this case one can prove that the ni can only be taken as zero or positive 230 PAN AND DRAAYER integers. Using the commutation relations given by (3.5), it can be verified that all coefficients anln2 .
•. nk in (3.9) can be taken to be 1. The wavefunctions (3.9) can be expressed simply as (3.14) where JV is a normalization factor, and (3.15)
Because CI =F C2 is always satisfied for the asymmetric case, the resultant operator . given by (3.15) is non-trivial. It can be proven that the c-numbers Xi are determined by the set of equations for i= 1, 2, ..., k, (3.16) and the eigenvalues E1;I; of the Hamiltonian (3.6) can then be expressed as
+bI(I+ l)+(A3-b) (I+~Y. (3.17)
It can also be verified that the c-numbers Xi in (3.14) have Sk symmetry. Any permutation among different roots Xi for i = 1, 2, ..., k in (3.14) gives the same solution.
Therefore, generally, there will be k! different solutions, for which the eigenenergies are the same except that the c-numbers Xi in these cases are interchanged. Therefore, only one of them is a solution to the problem. The roots {Xi} can be arranged These operators generate a nonlinear algebra < §(SU(I, 1», which is an infinitedimensional extension to the Gaudin algebra given in [25] . The commutation relations of these generators are These relations can be used to verify the validity of (3.16) and (3.17) under the wavefunctions (3.14), which justify the validity of the Bethe ansatz equation (3.16) on the entire complex plane.
The wavefunctions obtained from (3.14) can then be written in terms of boson operator forms x-y (3.19) J 1 (3.20) where the expansion coefficients C~'>can be expressed as where I is an integer, and the normalization factor .K can be expressed as (3.23b)
When 1is a half-integer, we have
where the normalization factor .K can be expressed as
It is well known that the asymmetric rotor Hamiltonian (2.5) is invariant under n rotations about its principal axes; that is, (2.5) commutes with the transformation operators Ta. =exp(in1a.)' The discrete group generated by these operations is called the Rotor Internal Symmetry Group (RISG). The set of operators {G, T1, T2, T3}, where G is the identity transformation, forms a realization of the Vierergruppe, D2, when 1is an integer. As a consequence, eigenstates of the rotor in this case can be classified according to their transformation properties under D2, which requires [15, 26] where A. and 't' can be taken as even or odd integers according to different D2 symmetry types as given in Table 1 . It can be verified by straightforward calculation that solutions of (3.23) automatically satisfy (3.25) . When 1is a half-integer, it has 
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been shown [15] that the set of operations {8, TI, T2, T3} no longer close. In fact, these operations generate a quaternion group Q, or equivalently, the double group D!. There are five types of irreducible representations of Q, of which four are one dimensional, corresponding to the integer I case given in Table I , and one is two dimensional corresponding to the half-integer I case. All these resul.ts are summarized in Table II III I I  I I  I  I  -I -II  I  -I-II I  -I  I  -I I  -I I  -I I I  -I-II I  -I 
Note. Rotors with integer spin display an internal D2 symmetry with eigenstates that belong to one of the four one-dimensional symmetries given in Table I . Rotors with half-integer spin, on the other hand, have Q symmetry and transform according to its two-dimensional representation r. The elements take the upper/lower sign when k is odd/even, where k = I-!. (3.26) tll) = +12), t12) = -II). (3.27) Therefore, the level degeneracy in the half-integer I case is due to time-reversal symmetry [27] . The two eigenstates 11) and 12) can be classified either by VI (i = 1, 2) Table III some low-lying energy levels of the asymmetric rotor for integer I, the corresponding roots X~'), and the D2 symmetry types are given. Some low-lying energy levels of the rotor for half-integer I are given in Table IV . The results show that the asymmetric rotor can indeed be solved analytically by using an infinite-dimensional algebraic approach.
CONCLUDING REMARKS
In this paper, new exact algebraic solutions for energy eigenvalues and eigenstates for the asymmetric rotor were found by using infinite-dimensional algebraic methods applied to a mapping from the Jordan-Schwinger realization of the SO(3) '" SU (2) algebra to its complementary SU(l, 1) form. The Bethe ansatz solutions automatically satisfy the Vierergruppe (D2) symmetry when I is an integer and the quatemion group Q, also referred to as the double group Dt , symmetry when I is a half-integer.
In the latter case the levels are always two-fold degenerate due to time-reversal invariance. Because the energy eigenvalues in this case can be written in an analytic form, the new results can be used to study solutions of many-asymmetric-rotor systems, such as those encountered in the coupled two-rotor model in nuclear physics, XYZ Heisenberg spin chains, spin-glass systems, and so on [22] .
